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8.4 ORTHOGONAL FREQUENCY DIVISION MULTIPLEXING (OFDM)

All of the modulation techniques discussed so farsingle-carriermodulation techniques
that employ a single RF carrieMulti-carrier modulation techniques on the other hand
transmit data symbols in parallel on multiple subcarriefsblock of N data symbols,
each of duratiofTy, is converted into a block oV parallel data symbols, each of duration
T = NT,. TheN parallel data symbols modula®é subcarriers that are spaced uniformly
in frequencyA ; = 1/T' Hz apart. To describe and work with OFDM waveforms, it is most
convenient to use the complex envelope representatiorefudass signals. The OFDM
complex envelope is given by

3(t) = bt —nT, %) , (8.61)
where Vo1
\/ 2E — -2kt
b(t,Xn) = —T UT(t) ; In,ke'jok (862)
n is the block index,k is the subcarrier index)N is the number of sub-carriers, and
Xn = {Zn,0, Tn,1, ---, Tn,N—1} IS thenth data symbol block. Note that the amplitude

shaping pulse used on each subcarrier is the rectangulse gi) = @u;p(t). The

complex-valued data symbals, . = ), , + jxff_k are usually chosen from a QAM or
PSK signal constellation. The OFDM bandpass signal hasuhdrgture representation

s(t) = @ ur(t —nT)

n

N-1
k k
X kZ:O :C,Ilyk cos (271' (fc + T) t> — xfk sin (271' (fc + T) t> (8.63)
and the envelope-phase representation

N-1
s(t) = @ ur(t —nT) Z |, k| cos (27T (fc + %) t+ ¢n,k) (8.64)
k=0

n
where ¢, 1, = Tan‘l(xf_’k/xfhk). From the quadrature representation in (8.63) it is
apparent thakl represents the energy in the elemental bandpass waveform

s(t) = \/;_EuT(t) cos (2w (fc + %) t)

s(t) = \/?u;p(t) sin (27r (fc + %) t)

Fromthe envelope-phase representationin (8.64), carthielevaveforms corresponding
to two different subcarriers in theth OFDM symbol

V2E

Snk(t) = T wr (t)|zn k| cos (27r (fc + %) t+ ¢n,k)

Sn_’g(t) e \/?UT(tﬂxn_A coSs (271' <fc + %) t+ ¢n7g>

or
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Separating adjacent OFDM subcarriers in frequencyNgy= 1/T'Hz ensures that the
corresponding OFDM subchannels are mutually orthogomgress of the set random
phaseq ¢, 1} that are imparted by the data modulation (see Prots@m

A cyclic extension (or guard interval) is usually appendethe OFDM waveform in
(8.61) and (8.62) to combat ISI as will be explained latere Ekiclic extension can be in
the form of a cyclic prefix, a cyclic suffix, or both. With a cicbuffix, the OFDM complex
envelope becomes

5(t) L, 0<t<T

59(“—{ St-T) , T<t<(l+a,)T ° (8.65)

whereq, T is the length of the guard interval ad(t) is defined in (8.61) and (8.62). Note
that the segments of the wavefo(t) in the intervalg0, o,T) and [T, T + a,T') are
identical. The OFDM complex envelope with a cyclic suffix danrewritten in the form

35(t) =D _b(t —nTy,xp) | (8.66)
n
where
N-1 N—-1
j 2kt 27k (t—T)
b(t,xn) = ur(t) Tppe’ T g, r(t—T) Tp ke T
k=0 k=0
= j27rkt Nl j27\'kt
= ur(t) Y wnpe T o, (t = T) Y wn e
k=0 k=0
—1
= up, ()Y waped T (8.67)
k=0

andT, = (1 + a4)T is the OFDM symbol period with the addition of the guard intdr
Likewise, with a cyclic prefix, the OFDM complex envelope igam by (8.66) with

o [ Et+T) , —a,T<t<0
and
N-1 . N-1
2wk (t -2kt
b(t,%n) = Ua,r(t+ogT) Y waped T tur(t) Y wapel T
k=0 k=0
N-1 N-1
-2kt -2kt
= uagT(t + Ong) a:n_,kej T +4ur (t) a:n_,kej T
k=0 k=0
N= j21‘rkt
= ur,(t+ayT) Z Tn € T (8.69)
k=0

Finally, the cyclic extension can be divided between a cygiefix and cyclic suffix. Let
ag = ap + o, Wherea, T ando T are the length of the cyclic prefix and cyclic suffix,
respectively. Then the OFDM complex envelope is given b§gBwith

5(t+T) , —pT<t<0
S¢(t) =4 3(t) , 0<t<T , (8.70)
t-T) , t<t<a,T
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and
N-1 amigan) N-1
b(t,xn) = Ua,r(t+apT) Tope’ T up(t
k=0 k:O
N-1
27rk( T)
+uaST(t — T) Z Ty, keJ —
k=0
-1 N-1
-2kt
= Uq,7(t+ a,T) T g up(t Z Tp k€ T
k=0 k=0
N-1
—l—uasT(t — T)
k=0
N-1
-2kt
= ur,(t+a,7T) T € T (8.71)
k=0

8.4.1 DFT-Based OFDM Baseband Modulator

A key advantage of using OFDM is that the baseband modulaorbe implemented
by using an inverse discrete-time Fourier transform (IDHBter, we will see that the
baseband demodulator can be implemented by using a digarete-ourier transform
(DFT). In practice, the computationally efficient fast Featransform (FFT) and inverse
fast Fourier transform (IFFT) is used to implement the DFd HDFT, respectively. The
FFT and IFFT are very common signal processing functions.

Consider the OFDM complex envelope without guard inteasldefined by (8.61) and
(8.62). During the intervalT < ¢t < (n+1)T', the OFDM complex envelope has the form

N-1
5(t) = VEup(t—nT) Z xnykew
k=0
Nl j2mkt
= VEur(t —nT) xmke]NﬂTs , T <t<(n+1)T, (8.72)
k=0

where we have made the substitutibr= N'T;. Now suppose that the complex envelope
in (8.72) is sampled af, second intervals to yield the sample sequence

Xpm=3mT) =VEY appe’ ®, m=0,1,...,N-1. (873

Note that there ar&/ samples in each OFDM symbol, sinde= NT,. Observe that the
vectorX,, = {X,.m}h_ is the IDFT of the vectok/Ex,, = VE{z, 1}, . Contrary
to conventional notation used when working with transfarwith OFDM it is customary
to use the lower case vectofEx,, to represent frequency domain coefficients, while the
upper case vectdX,, is used to represent time domain coefficients.

As mentioned earlier, a cyclic extension (or guard intgrigaisually added to the OFDM
waveform as described in (8.66) and (8.67) to combat ISI. Wheyclic suffix is used, the
corresponding sample sequence is

ngz,m = Xn.,(m)N (874)
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Figure8.9 Block diagram of IDFT-based baseband OFDM modulator wiirdinterval insertion
and digital-to-analog conversion.

j2mkm

N—-1
= VEY appe % , m=0,1,...,N+G-1, (875
k=0

where( is the length of the guard interval in samples, dnd y is the remainder after
dividing m by N. This gives the vectoKy = {X7 NTE-1 where the values in the

first and lastG coordinates of the vectdY are the same. Likewise, when a cyclic prefix
is used, the corresponding sample sequence is

Xg,m = Xn,(m)N (876)
N—-1 -
= VEY appe ™ , m=-G,...,-1,0,1,...,N-1. (8.77)
k=0

This yields the vectoXy, = {X7 ,, ﬁi;iG, where again the first and la&t coordinates

of the vectorX¢ are the same. The sampling interval after insertion of tre¥djinterval,
T9, must be compressed in time such that

(N + G)TY = NT,

The OFDM complex envelope can be generated by splittingdhgptex-valued output
vector X,,, into its real and imaginary part§(X,,) and<(X,,), respectively. The se-
quencegR(X,, )} and{S(X,,, )} are then input to a pair of balanced digital-to-analog
converters (DACs) to generate the real and imaginary commiséy (¢) andsg (t), respec-
tively, of the complex envelop&(t), during the time intervahT < ¢t < (n + 1)T. As
shown in Fig. 8.9, the OFDM baseband modulator consists t&f@h operation, followed
by guard interval insertion and digital-to-analog coniars

It is instructive at this stage to realize that the wavefoeneyated by using the IDFT
OFDM baseband modulator it exactly the same as the waveform generated from the
analog waveform definition of OFDM. Consider for example,@~DM waveform without
a cyclic guard in (8.61) and (8.62). The analog waveform dafimuses the rectangular
amplitude shaping pulser(t) that is strictly time-limited tdI"’ seconds. Later, we will
see that the corresponding OFDM power spectrum has infiaitelwidth, and any finite
sampling rate of the complex envelope will necessarily leadliasing and imperfect
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reconstruction. With the IDFT OFDM baseband modulator, wplathe IDFT/IFFT
outputs to a pair of balanced DACs as explained earlier. Kewehe ideal DAC is
an ideal low-pass filter with cutoff frequendy (27%), with a corresponding noncausal
impulse response given by(t) = sinc(¢/Ts). Since the ideal DAC is nonrealizable, a
causal reconstruction filter is used instead. However, alfitter will necessarily generate
a waveform that is not strictly bandlimited, thus leadingstde lobes. In conclusion,
the side lobes of the analog OFDM waveform are inherent intneeform itself due to
rectangular pulse shaping, whereas the side lobes withDR& implementation arises
from the non-ideal reconstruction filter, i.e., the DAC.

8.4.1.1 Error Probability for OFDM The OFDM baseband demodulator is usually
implemented by using a fast Fourier transform (FFT), asudised in Section 8.4. Fol-
lowing the development in Section 8.4, suppose that theaiis¢ime sequencXy =
(X9 ,]f;(?*l is passed through a balanced pair of digital-to-analog exers (DACS),
as shown in Fig. 8.9. The real and imaginary components ofebigiting complex enve-
lope are applied to a quadrature modulator as shown ir?Rjgand the resulting bandpass
OFDM waveform is transmitted over an AWGN channel.

The receiver first uses a quadrature demodulator as showigir6B to extract the
received complex envelopét) = 7;(t)+j7q(t). Suppose thatthe quadrature components
71(t) and7g(t) are each passed through an ideal anti-aliasing filter (ideapass filter)
having a cutoff frequency /(27¥) followed by an analog-to-digital converter (ADC)
as shown in Fig. 8.10. This produces the received compl&xedasample sequence
RY = {RY NTE=1 where

,mJSm=0
RY = X%+ finm m=0,1,...,N+G—1, (8.78)

and then,, ,,, are complex-valued Gaussian noise samples. For an ideallmsing filter
having a cutoff frequency/(279), then,, ,, are independent zero-mean complex Gaussian
random variables with variane@ = 1E[|iin,m|*] = No/TY¢, whereTd = NT,/(N +G).

Assuming a cyclic suffix as discussed in Sect. 8.4.1, thavecérst removes the guard
interval according to

Rom =R 0<m<N-1, (8.79)

g
n,G+(m—G)N’
where(m) y is the residue ofn moduloN. This operation simply deletes the fitstvalues

of Ry ,, in (8.88) and replaces them with the I#stvalues ofRy ., resulting in a new
lengthsV sequencer,, ,, in (8.79). Demodulation is then performed by computing the
FFT on the blockR,, = { R, }—5 to yield the vectow,, = {z, x}+_, of N decision

variables

N-1

1 _ j2mkm
Znk = N 7nziofin,me N
= VExop+Vok, k=0,...,N—1, (8.80)

where the noise terms are given by

N—-1
1 - _Jj2mkm
%$:715JMMGLT_,k:QUWN—1. (8.81)
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Figure8.10 Block diagram of OFDM receiver.

It can be shown that the, ;, are zero mean complex Gaussian random variables with

covariance ) N

Sik = 5Elnivi ] = Frpgdik - (8.82)
Hence, the, ;, are independent Gaussian random variables with m@mmk and vari-
anceN,/NT$. To be consistent with our earlier results for PSK and QAMalg, we can

multiply the z,, ,, for convenience by the scal@fNT¢. Such scaling gives

Znge = VEN/(N + G)znp + Un (8.83)

where thep, , are i.i.d. zero-mean Gaussian random variables with veeiafy. Notice
that\/EN/(N + G)x, is equal to the complex signal vector that is transmittedhen t
ith sub-carrier, where the tertd/(N + G) represents the loss in effective symbol energy
due to the insertion of the cyclic guard interval. eachof the z, , the receiver decides
in favor of the complex-valued data symha| ; that minimizes the squared Euclidean
distance

w(En k) = 12k — VEN/(N + G)znil®, k=0,...,N—1. (8.84)

Thus, for each OFDM blockV symbol decisions are made, one for each of sheub-
carriers. It is apparent from (8.83) that the probabilitysgfmbol error is identical to
that achieved with independent modulation on each of thecantiers. This is expected,
because the sub-carriers are mutually orthogonal.

8.4.1.2 OFDM on ISI Channels Consider an OFDM system where the number of
sub-carriersV is chosen to be large enough so that the channel transferdoie(z, f) is
essentially constant across sub-bands of width. Then

T(t,k) = T(t,kAy), kA;—1/(2T) < f<kA;+(1/(2T),  (8.85)

and no equalization is necessary because the ISI is ndgligibiewing the problem
another way, if the block lengtly is chosen so thaV >> L, whereL is the length of the
discrete-time channel impulse response, then the 1SI will affect a small fraction of the
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symbol transmitted on each sub-carrier. Weinstein andtfijerame up with an ingenious
solution, whereby they inserted a guard interval in the fofma length& cyclic prefix
or cyclic suffix to each IDFT output vectd,, = {X,,»}. In fact, if the discrete-time
channel impulse response has duratior< G, a cyclic guard interval can completely
remove the ISl in a very efficient fashion as we now describe.

Suppose that the IDFT output vectli,, = {X, .}N_} is appended with a cyclic

suffix to yield the vectoX¢ = {X¢,,} 5!, where
Xom = Xomw (8.86)
N—-1 -
= VEY appe % , m=0,1,...,N+G-1, (887)
k=0

G is the length of the guard interval in samples, dnd) y is the residue ofn modulo
N. To maintain the data rate; = 1/T, the DAC in the transmitter is clocked with rate
RY = MEE R, due to the insertion of the cyclic guard interval.

Consider a time-invariant ISI channel with impulse resgar(¢). The combination of
the ADC, waveform channel(¢), anti aliasing filter, and DAC yields an overall discrete-
time channel with sampled impulse respogse- {g.}% _,, whereL is the length of
the discrete-time channel impulse response. The distire&slinear convolutionof the
transmitted sequencgX?} with the discrete-time channel produces the discrete-time

received sequendgr? ., }, where

RY - { Z;}o 9iXp i+ ZiL:mH 9i Xy 1 N+Grm—i T Pnm, 0<m<L
e S0 9iX S i Tenm L<m<N+G-1

' (8.88)
Notice that the first. samples ofy, ,, in OFDM blockn are corrupted by ISI from the
previous OFDM block: — 1.

To remove the ISl introduced by the channel, the firseceived sample@Rg,m}ﬁ;})
are discarded and replaced with the lasteceived sample§Ry, ,, %LC\’,_I, as shown in
Fig. 8.11. If the length of the guard interval satisfiés> L, then we obtain the received
sequence

Rym = RZ,GHm—G)N
L
> 9iXnmeiyy F Fin mi)y s 0SM<N—1 . (8.89)
1=0

Note that the first term in (8.89) representgigcular convolutionof the transmitted
sequenc&,, = {X,, ,} with the discrete-time channgl= {g,,}% _,.
As shownin Fig. 8.10, the OFDM baseband demodulator comspligeDFT (in practice
the FFT) of the lengthV vectorR,, after the guard interval has been removed. This yields
the DFT/FFT output vector

Zn,i

1 N-1
_;2mmi
N § Rn,me TN
m=0

Ti\/ESCnJ' + Un,i, 0<i<N-1, (890)
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Figure8.11 Removal of ISI by using the cyclic suffix.

where

L
Ti= ) gme " (8.91)
m=0

is the FFT of the channel impulse respogse: {g,,}% _,, and the noise samplgs,, ;}

are i.i.d with zero-mean and variandg /(NTY?). Note thatT = {T;}~ ' is the DFT of

the zero-padded sequenge= {g, ﬁ’L;}J and is equal to the sampled frequency response
of the channel. To be consistent with our earlier results,ceve multiply thez,, ; for
convenience by the scalgfNT7?. By following the same argument used in Sect. 8.4.1.1,
such scaling gives

5,171' =/ EN/(N + G)Tixn,i + ﬁn,i i=0,...,N—1, (892)

where the, ; are i.i.d. zero-mean Gaussian random variables with veeiafy. Observe
that each decision variabk, ; depends only on the corresponding data symbgl and,

therefore, the ISI has been completely removed. Once af@mireachof the z, ;, the

receiver decides in favor of the complex-valued data symbg} that minimizes the
squared Euclidean distance

1(3m) = |Zni — VEN/(N + G) Ty i) (8.93)

Thus, for each OFDM blockV symbol decisions must be made, one for each ofithe
sub-carriers.



